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Abstract

This work presents an analysis of the dynamic behaviour of a plug ¯ow electrochemical reactor for a step change in
¯ow rate. The mathematical model takes into account the temporal variation of the mass transfer coe�cient of the
electrochemical reaction by means of an empirical expression with one parameter. To simplify the numerical
solution of the general di�erential equation di�erent assumptions are made. Thus, analytical equations of the
transient current response are obtained. The theoretical treatments are compared with experimental results,
obtained from copper deposition in a parallel-plate electrochemical reactor, in order to determine the reliability and
the correlation capability of the mathematical models. The in¯uence of the empirical parameter values on the
performance of the reactor is also analysed.

1. Introduction

Methods of predicting the dynamic behaviour of elec-
trochemical reactors are of great interest in applied
electrochemistry in order to determine the temporal
response of the systems and to know the time required
to reach the steady-state value. The dynamic behaviour
of electrochemical reactors was summarized by Fahidy
[1], Scott [2] and more recently in [3].
In a previous work from this laboratory [4] a math-

ematical model of predicting the dynamic behaviour of

electrochemical reactors for a step change in ¯ow rate
when the kinetic constant is not a function of the ¯ow
rate has been developed. The predictions of the model
are valid when the electrochemical reaction is charge
transfer controlled or is under combined di�usion and
charge transfer control for rotating electrodes, where the
e�ect of the volumetric ¯ow rate on the mass-transfer
coe�cient can be neglected. However, a new model
suppressing the above assumptions is needed to take into
account the dynamic behaviour of plug ¯ow electro-
chemical reactors under conditions used in practice.

List of symbols

ae speci®c surface area (mÿ1)
C concentration (mol mÿ3)
C0 inlet concentration (mol mÿ3)
F faradaic constant (A s molÿ1)
g function given by Equation 26
H Heaviside shifting function
i current density (A mÿ2)
I total current (A)
k mass transfer coe�cient (m sÿ1)
k� mass transfer coe�cient before perturbation (m sÿ1)
ks steady state mass transfer coe�cient after pertur-

bation (m sÿ1)
L electrode length (m)
Q volumetric ¯ow rate (m3 sÿ1)
Q� volumetric ¯ow rate before perturbation (m3 sÿ1)
s Laplace transform operator

S cross-sectional area of the reactor (m2)
t time (s)
u current per unit electrode volume (A mÿ3)
U Laplace transformed current per unit electrode vol-

ume
v super®cial liquid ¯ow velocity (m sÿ1)
x axial coordinate (m)
X normalized axial coordinate

Greek characters
a constant in Equation 12 (s)
b constant given by Equation 28
b� constant given by Equation 6
� porosity
/ function given by Equation 19
me charge number of the electrode reaction
s residence time after perturbation (s)
s� residence time before perturbation (s)
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Thus, the mathematical model reported here assumes
that the mass transfer coe�cient varies with time
according to an empirical expression with one parame-
ter. The aim of this work is to compare the mathematical
models with experimental results in order to determine
the reliability of the di�erent theoretical treatments.

2. Mathematical model

The dynamics of a plug ¯ow reactor corresponds to a
distributed parameter system. The mass balance gives

�
@C�x; t�
@t

� ÿv
@C�x; t�
@x

ÿ i�x; t�ae

meF
�1�

Adopting the following expression for the kinetics:

i�x; t� � meF k�t�C�x; t� �2�

The kinetic constant k, assumed to be independent of
the position in the reactor, approaches the mass transfer
coe�cient when the DamkoÈ hler number is high [4].
De®ning

X � x
L

�3�

and the current per unit electrode volume as

u�X ; t� � i�X ; t�ae �4�

Combining Equations 1±4 and rearranging yields
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ÿ u�X ; t�
k�t�ae

dk�t�ae
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s
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@X

ÿ k�t�ae

�
u�X ; t� �5�

with the following initial and boundary conditions:

t � 0 u�X ; 0� � meF k�aeC0 exp�ÿb�X � for all X

�5a�

X � 0 u�0; t� � meF k�t�aeC0 for all t �5b�

where

b� � k�aes�

�
�6�

The total current is given by

I�t� � SL
Z1
0

u�X ; t�dX �7�

To calculate the transient response in current, which
represents the main di�erence with chemical reactors, it
is necessary to know the variation of the mass transfer
coe�cient with time.

2.1. Model assuming an empirical equation for k(t)

Because of the complex nature of the hydrodynamics in
an electrochemical reactor, it is di�cult to predict the
temporal variation of the mass transfer coe�cient.
However, k�t�ae must ful®l the following limiting
conditions:
At t � 0

k�0�ae � k�ae �8�

and when the ¯ow rate is increased

dk�t�ae

dt

����
t�0
> 0 �9�

For t!1

k�t!1�ae � ksae �10�

and

dk�t�ae

dt

����
t!1
� 0 �11�

The following empirical equation satis®es the limiting
conditions given by Equations 8±11

k�t�ae � k�aea� ksaet
a� t

�12�

Equation 12 will be used for the mathematical model-
ling.
Solving Equation 5 for the steady state case yields

u�X � � meF kaeC0 exp ÿ kaes
�

X
� �

�13�

Expanding the exponential function in a Maclaurin
series and ignoring terms of second and higher order,
Equation 13 approaches

u�X � � meF kaeC0 1ÿ kaes
�

X
� �

�14�

The ®rst derivative of Equation 14 is

du�X �
dX

� ÿ meF C0�kae�2s
�

�15�

Equation 15 does not depend on X . To simplify the
mathematical solution of Equation 5 an additional
assumption will be made. Thus, in the following,
Equation 15 will be accepted as valid for all t.
Introducing Equation 15, evaluated at t � 0, into
Equation 5 yields
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du�X ; t�
dt

� k�t�ae

�
ÿ 1

k�t�ae

dk�t�ae

dt

� �
u�X ; t�

� meFC0

�
�k�ae�2 �16�

Solving Equation 16 gives

u�X ; t� � exp�ÿ/�t��
�

meFC0�k�ae�2
�

Z t

0

exp�/�t��dt

� exp�/�0��u�X ; 0�
�

�17�

where u�X ; 0� is given by Equation 5(a).
Introducing Equation 17 into Equation 7, solving and

rearranging yields

I�t�
I�0� � exp�ÿ/�t��

� meFC0SL�k�ae�2
�I�0�

Z t

0

exp�/�t��dt� exp�/�0��
8<:

9=;
�18�

where /�t� is given by

/�t� � ksae

�
t ÿ a

�
�ksae ÿ k�ae� ln�a� t�

ÿ ln
k�aea� ksaet

a� t

� �
�19�

The two ®rst terms on the right hand side of Equation
19 can be neglected, thus

exp�ÿ/�t�� � k�aea� ksaet
a� t

�20�

Introducing Equation 20 into Equation 18 and solving
yields
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Solving Equation 7 taking into account Equation 14 at
t � 0 yields

I�0�
SL
� meFk�aeC0 1ÿ k�aes�

2�

� �
�22�

Introducing Equation 22 on the right hand side of
Equation 21 and rearranging gives
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At low t values, the bracket in Equation 23 approach-
es unity. Thus, Equation 23 is simpli®ed to

I�t�
I�0� �

k�aea� ksaet
�a� t�k�ae

�24�

Equation 24 can be linearized to give

g�t� � a
t

�25�

where

g�t� � I�0�
I�t� ÿ I�0�

ksae ÿ k�ae

k�ae
ÿ 1 �26�

Therefore the empirical parameter a in Equation 12 can
be obtained from the slope of a plot of g�t� as function
tÿ1 for low t values.

2.2. Model assuming a constant value for k after
a perturbation in ¯ow rate

Equation 5 is simpli®ed to

s
@u�X ; t�
@t

� ÿ @u�X ; t�
@X

ÿ bu�X ; t� �27�

with the following initial and boundary conditions:

t � 0 u�X ; 0� � meF k�aeC0 exp�ÿb�X � for all X

�27a�

X � 0 u�0; t� � meF ksaeC0 for all t �27b�

where

b � ksaes
�

�28�

Laplace transformation of Equation 27 gives

dU�X ; s�
dX

� �ss� b�U�X ; s� � su�X ; 0� �29�

Solving Equation 29 gives

U�X ; s� � meF k�aeC0s
ss� bÿ b�

exp�ÿb�X � � meFC0

� ksae

s
ÿ k�aes

ss� bÿ b�

� �
exp�ÿ�ss� b�X �

�30�
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Introducing Equation 30 into Equation 7 and inte-
grating yields

I�s� � SLmeF k�aeC0s
�ss� bÿ b��b� 1ÿ exp�ÿb��� �

� SLmeFC0
ksae

s
ÿ k�aes

ss� bÿ b�

� �
� 1

ss� b
�1ÿ exp�ÿ�ss� b��� �31�

Performing the Laplace transform inversion of Equa-
tion 31 and rearranging yields
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with

H�t ÿ s� � 0 t < s �32a�

H�t ÿ s� � 1 t P s �32b�

Solving Equation 7 taking into account Equation 13
at t � 0 yields

I�0� � SLmeFk�aeC0

b�
1ÿ exp�ÿb��� � �33�

Combining Equation 32 and 33 gives
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For t < s Equation 34 is simpli®ed to
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and for t � s Equation 34 yields
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Equation 36 does not depend on t. Thus, according to
this model a step perturbation in ¯ow rate is felt
immediately in the electrochemical reactor up to time
instant s. A similar conclusion was given by Fahidy [1]
for a step perturbation in current.

2.3. Model assuming a constant value for k at all t
This case was solved in previous work from this
laboratory [4], giving

I�t�
I�0� �

s�

s

� �
� 1ÿ exp ÿb t

s

ÿ �
1ÿ exp ÿb s�

s

ÿ �� exp ÿb t
s

ÿ �
1ÿ exp ÿb s�

s

ÿ �
� 1ÿ exp b

s�

s
t
s
ÿ 1

� �� �� �
�37�

Equation 37 coincides with Equation 35 when ks � k�.

3. Experimental details

Figure 1 shows a general diagram of the experimental
setup. All experiments were performed in an electro-
chemical reactor with vertical parallel plate electrodes.
The reactor was made of acrylic material and both
electrodes had the same dimensions, 200 mm wide and
600 mm long. To increase the mass transfer coe�cient
and to make it independent of the position in the
reactor, the interelectrode gap, 13 mm, was completely
®lled with 16 sheets of plastic net, 0.4 mm thread
diameter and 1.29 � 1.55 mm mesh size. The porosity
of the stacked nets was 0.82. The small value of the
aspect ratio (i.e., the ratio of electrode separation to
electrode length) justi®es the use of the plug-¯ow model
for the reactor. The anode was a sheet of expanded
titanium, 0.75 mm thick, coated with RuO2. Copper-
coated nickel was used as cathode.
The solution ¯owed from a thermostated tank (30 �C)

to the lower part of the reactor, and was collected in
another tank. It was not recycled so that the inlet copper
concentration remained constant. The ¯ow circuit sys-
tem also included a rotameter, a needle valve, a globe
valve and an electrolyte by pass provided with a ball
valve and a holder for a perforated membrane. Prelim-
inary experiments were performed in order to obtain the
¯ow rate in the by pass as a function of the hole
diameter in the membrane. Thus, changing the perfo-
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rated membrane the magnitude of the step change in
¯ow rate was controlled. The solution ¯ow in the reactor
was upwards and in order to achieve more uniform ¯ow
conditions along it, ¯ow distributor plates with numer-
ous small holes were arranged in the inlet and outlet
regions. The same ¯ow distributors were previously used
[5] in a reactor with segmented counter electrode
without plastic nets in the interelectrode gap and
entrance e�ects were observed only in the ®rst segment,
approximately 2.5 cm. Likewise, Brown et al. [6] used
plastic mesh promoters to help to reduce entrance e�ects
near the inlet manifold. Therefore, in the present reactor
the entrance length is negligible compared to the total
electrode length.
The electrolyte solution was 1 M Na2SO4 and H2SO4,

to obtain pH 2, with a copper concentration of approx-
imately 1 g lÿ1. The physical properties of the solution
are given in Table 1 [3]. Therefore, the anodic reaction
was oxygen evolution and copper deposition was the
cathodic reaction. For each experiment the copper
concentration was determined by iodimetry [7] with an
accuracy of 0.7%.
All experiments were performed under potentiostatic

control. The cathodic potential, controlled in the
electrolyte inlet region, was ÿ0:4 V against the satu-
rated calomel electrode. This potential value was
determined in a further experiment with a rotating
disc electrode, where it was observed that at ÿ0:4 V
and over a potential range of 0.25 V the reaction is
under limiting current condition and the hydrogen
evolution is hindered. At the start of the experiment the
ball valve denoted V2 was closed and the electrolyte
¯owed by the circuit of valves denoted V1 and V3,

when the steady state in current was achieved the valve
V2 was suddenly opened, so that a step change in the
¯ow rate was produced, and the current was plotted as
a function of time until a new steady state in current
was achieved.

4. Results and discussion

Figure 2 shows the experimental values of g�t� as a
function of the inverse of time. The thin full lines
correspond to the correlation of the data at low t values
according to Equation 25. Table 2 reports the values of
a obtained from the slope of the lines in Figure 2. It can
be seen that the a values are near to 10 s.
Figure 3 shows the experimental results, dotted lines,

of the ratio between the current at time t and the current
before the perturbation as a function of time. The results
of Equation 18 taking into account Equation 19,
obtained by numerical integration, are given as the full
line. The predictions of Equations 23 and 24 are also
included. In all the theoretical calculations the a values
given in Table 2 were used. The experimental results lie
between the theoretical predictions of Equations 23 and
24. However, when the perturbation in ¯ow rate is small
the experimental data are close to the prediction of
Equation 23 and they approach Equation 24 when the

Fig. 1. Scheme of the electrolyte circulation system. Key: (1) pump, (2)

thermostat, (3) thermostated tank, (4) holder for the perforated

membrane, (5) ¯owmeter, (6) reactor, (7) reservoir, (V1) globe valve,

(V2) ball valve and (V3) needle valve.

Fig. 2. g�t� as a function of the inverse of time at various Q=Q� values:
(ÐÐ) 1.125, (- - - - -) 1.312, (� � � � �) 1.381, (ÿ � ÿ � ÿ) 1.617, (ÿ � �ÿ)
1.886. Q� � 3:57� 10ÿ6 m3 sÿ1. Thin full lines: correlation according

to Equation 25 at low t values.

Table 1. Physical properties of the solution at 30 °C

Property Value

Kinematic viscosity 1.11 ´ 10)6 m2 s)1

Density 1.11 ´ 103 kg m)3

Di�usion coe�cient 5.16 ´ 10)10 m2 s)1
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perturbation in ¯ow rate is higher. Likewise, the results
of Equation 18 give the best agreement with the
experimental data for the middle range of perturbation
in ¯ow rate.
Figure 4 compares the di�erent mathematical models

for the case reported in graph (d) of Figure 3. Thus, the
curves in accordance with the Equations 35, 36 and 37
are also included. It can be observed that when the
kinetic constant does not depend on the ¯ow rate, curve
(e), the dynamic behaviour is unimportant. Thus, the

change in current is only produced for the concentration
change inside the reactor. But when the change in ¯ow
rate produces a sudden change in the kinetic constant
(case of Equation 35 represented by curve (d)), the
transient response in current is more pronounced.
Finally, when it is assumed that k varies with time the
electrochemical reactor achieves the new steady state at
lower times than for the above case. Therefore, the com-
parison of curves (d) and (e) yields the e�ect of the
variation of the kinetic constant with ¯ow rate on the

Fig. 3. Transient response in current. (a) Q=Q� � 1:125, (b) 1.312, (c)

1.381, (d) 1.617 and (e) 1.886. Q� � 3:57� 10ÿ6 m3 sÿ1. Key: (� � � � �)
experimental results, (ÐÐ) Equation 18, (ÿ�ÿ�ÿ) Equation 23 and (- -

-) Equation 24.

Table 2. Summary of the correlation a values

Q/Q* a/s

1.125 7.831

1.312 11.387

1.381 10.054

1.617 10.787

1.886 9.148
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transient behaviour in current. Likewise, the compari-
son between (a) and (d) curves gives the e�ect of the
temporal variation of k.
To analyse the e�ect of a values on the dynamic

behaviour, predictions according of Equation 18 are
represented in Figure 5. It can be observed that all the
curves are close. Thus the in¯uence of a on the transient
response of the electrochemical reactor is tolerable for
engineering purposes when its value is in the range given
in Table 2.

5. Conclusion

A mathematical model with an empirical expression
for the temporal variation of the mass transfer
coe�cient is appropriate for correlation of experimen-
tal results. Thus, the reported theoretical treatment is
a helpful tool to perform a simpli®ed ®rst analysis of
the dynamic behaviour of plug ¯ow electrochemical
reactors.
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